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Question 1 [8 Marks]

1.1.State three features (properties) of Multivariate normal distribution. 3]

1.2.Briefly explain Principal Components Analysis (PCA) and state three assumptions of PCA.  [2+3]

Question 2 [13 Marks]

2.

In a psychological experiment, three subjects are tested on how long they take to perform f tasks.
The variables y;,y, and y; are the times in minutes for the three tasks. The results obtained are
listed below:

Individual Task 1 Task 2 Task 3
1 26 12 32
2 25 10 26
3 30 14 35
Then, using the matrices, calculate:
2.1. the sample mean vectory. 3]
2.2. the sample variance-covariance matrix, S. [5]

2.3. the sample correlation matrix, R, in terms of DSD, clearly defining your matrix D and
interpret your result. [5]

Question 3 [10 Marks]

3.

If y~Np (1, Z), bis ap X 1 vector of constant and A is a constant g X p matrix of rank q, where
q < p, then show that Ay — b~N,(Au — b, AZA"). Hint: Use the uniqueness property of joint
moment generating function.

Question 4 [9 Marks]

4.

In an investigation of adult intelligence, scores were obtained on two tests "verbal" and
"performance" for 20 randomly selected subjects aged 60 to 64. Assume that the scores follow a
multivariate normal distribution N, (i, ) with unknown g and unknown X. The mean score and
covariance matrix of the score are:

7= (357)

S=(210.54 126.99)
126.99 119.68

Test the hypothesis Hy: . = (60, 50) vs Hy:pu # (60, 50)" at 5% level of significance. Your
solution should include the following:

4.1. State the test statistics to be used and its corresponding distribution [2]
4.2. State the decision (rejection) rule and compute the tabulated value using an appropriate

statistical table [2]
4.3. Compute the test statistics and write up your decision and conclusion [5]
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Question 5 [14 Marks]

5. Two psychological tests were given to 11 men and 10 women. The variables are y; = tool
recognition and y, = vocabulary. The mean vectors and covariance matrices of the two samples

are Y1 = Gg)' Y2 = (12)51 = (AS} 143) el Sy = (3 178)'

Assume that the observations are bivariate and follow multivariate normal distributions N (u;, X),

fori = 1and 2.

5.1. Compute the pooled covariance matrix [3]

5.2. Conduct a test if there is any significant difference between the vector of expected mean
scores of men and women at 5% level of significance. Your answer should include the

following:
5.2.1. State the null and alternative hypothesis to be tested [1]
5.2.2. State the test statistics to be used and its corresponding distribution [2]
5.2.3. State the decision (rejection) rule and compute the tabulated value using an
appropriate statistical table [3]
5.2.4. Compute the test statistics and write up your decision and conclusion [5]

Question 6 [20 Marks]

X1 5 2 010

— | *2 _| 6 _[(0 3 2 0

6. Letx~N,(u, X), wherex = X5 | p=\. and X = 1 2 4 0

Xy 8 0 0 0 9

If we define a new random variable y = 2x, — 3x3 + x4, then
6.1. drive the distribution of y. [4]
6.2. derive the joint distribution of y and x3. Are they independently distributed? Provide
explanation for your answer. [6]
X

6.3. drive the conditional distribution of x,, given (x:) [10]

Question 7 [11 Marks]

7. Suppose that x4, x5, x3 and x4 are independent variables with the N (0,4) distribution. Define the
following random variables:

Zy =%ty
Z; =x1+x+Y;
Z3 =x1+x2+x3+y3

Zy =X1+x+x3+x4+Y,
where y4,¥,,¥y3 and y, have the N(0,1) distribution, and are independent of each other and also
independent of x4, x5, X3 and x4 .
7.1. Find the covariance matrix for the vector z' = (z; z;, 25 z4) [8]

7.2. Find the variance of Z = %(zl +2z,4+ 23+ 24) [3]

Question 8 [15 Marks]

8. Technical and artistic scores of figure skaters are correlated, and therefore, they can probably be
represented by one principal component. A sample of skaters yields covariance matrix § =
(0.5 0.2).

0.2 08
8.1. Compute coefficients for the first sample principal component y; . [9]
8.2. What percent of the total variance is attributed to y; ? [2]
8.3. Two competing figure skaters receive the scores x; = (5.5,5.9) and x, = (5.7,5.7).

Which of them should be considered the winner, according to the first principal
component? (4]
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Table for a=.05

i

Frosanan)

dﬂ/dﬂ,l'2‘3l4wls’6|7|8|9\10‘12

1| 161448 | 199.500 | 215.707 | 224.583 | 230.162 | 233.986 | 236.768 | 238.883 | 240.543 | 241.882 | 243.906

2| 18513 | 19000 | 19164 | 19247 | 19296 | 19329 [ 19353 | 19371 19384 | 1939 | 19.413
3 10128 | 9552 9277| 9m7| 9014| 8941| 8887 8845| 8812| 8786 8745
4 7709 | 6944 | 6591 6388| 6256| 6163 6.0942| 6.041| 5998 5.964 | son
5 6608 | 578 | 5409 | 5.192| 5050 | 4950 4876 | as18| a72| ams| 4678
6 5987 | 5143 | 4757| 4533 | 4387 4284| 4207 4147] 4099 | 4060 | 3.999
7 591 | 4737 | 4347| 4120| 3972| 3866| 3787 3726 3.676 | 3637 3575
8 5318 | 4459 | 4066 | 3838 | 3688 | 3581 3.501| 3438] 3388 | 3347| 3284
9 5017|4256 | 3863 | 3633 | 3482 3374 3203 | 3229 |37 | 3137|307

4965 | 4103 | 3708| 3478 | 3326| 3217| 3.a36| 3072| 3020 2978 | 2913
11 4844 | 3982 | 3587 3358| 3204] 3095 3012 | 2948 | 2896| 2854 2788

4667 | 3.806 | 3411|3179 | 3025 | 2915 | 2832 2767 | 2714 | 2671|2604

4600 | 3739 | 3344 3.012| 2958 | 2848 | 2764 | 2699 | 2645 | 2602 2534

4543 | 3682 | 3287| 3056 | 2901 2791 | 2707 | 2641 | 2587 | 2544 | 2475

4494 | 3634 | 3239 | 3.007 | 2852 | 2741| 2657 2.591| 2537 2494 | 2425

4.451 ‘ 3.591 i 3.197 l 2.965 ‘ 2.810 1 2.699 l 2.614 l 2.548 ] 2.494 l 2.450 r 2.381

4414 | 3555 | 3.160 | 2928 | 2773 | 2661 | 2577 | 2510 | 2456 | 2412 | 2342

4381 | 3522 | 3127 2895 | 2740 | 2628 | 2.544 | 2477 | 2423 | 2378 | 2308

|
|
|
|
|
|
|
|
|
12| a747| 3885| 3490 | 3259| 3.06] 299 | 2913 | 2849 | 2796 | 2753 | 2.687
|
|
{
|
|
{
|

4351 | 3493 | 3.098| 2.866 | 2711 | 2599 | 2514 2441 | 2393 | 2348 | 2278




